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Synopsis 
Laboratory experiments on an International ACCO 1810A 
truck rear suspension unit are used to assess the validity 
of mathematical models for the tyre and spring. Best 
results are achieved with tyre and spring models that are 
non-linear, with separate, fixed loading and unloading curves 
joined by loading and unloading transitions. The use of 
linear tyre models causes only a small degeneration in 
accuracy. The best linear tyre model has an unloading curve 
set at 0.9 times the loading curve. Alternatively, a linear 
tyre model with a viscous damping coefficient of 0.015 kN/mm/sec 
gives reasonable results. The accuracies achieved with 
linear models for the suspension spring appear to be 
unsatisfactory. Details of the transition curves for both 
tyre and spring are unimportant provided that the base length 
(along the deformation axis) is small. 
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1. INTRODUCTION 
Dynamic response of bridges due to the passage of heavy 
vehicles has been studied by various investigators in recent 
years and is important in the assessment of impact effects. 
Earlier work (5) was conducted on the problems 
associated with railway bridges. One of the earliest studies 
carried out on dynamic wheel loads was conducted by the 
National Physical Laboratory and Road Research Laboratory in 
the United Kingdom between the years 1926-1939 (1). More 
recently, Page (9) conducted a review on the dynamic loading 
caused by vehicle suspensions and carried out a theoretical 
study on the dynamic behaviour of a single axle vehicle 
suspension system (8). 
Tseng Huang (4) in his review paper gives an elaborate 
list of references. Veletsos and Huang (10) represented the 
tyre-spring suspension system by two linearly elastic springs 
in series and by a frictional device parallel with the suspension 
spring. This frictional device simulates the interleaf friction 
in the spring thereby postulating a bi-linear hysteretic load 
deformation relationship for the model. The interleaf friction 
is ass��ed to have a limiting value of about 15% of the vertical 
force transmitted. 
Mulcahy, et al (6) carried out a series of tests on 
the tyres and suspensions of an International ACCO - 1950A 
truck as part of a report to the Australian Road Research Board. 
Laboratory tests were conducted to obtain the load-displacement 
characteristics for the suspension both statically and dynamic­
ally. A mathematical model of the vehicle suspension was then 
postulated. The truck is represented as a two-axle vehicle, 
with each tyre represented as a linearly elastic spring. The 
spring suspension system is modelled as a parallel combination 
of (a) a linear spring, (b) linear viscous damping (with 
coefficient 0.15 for the rear spring) and (c) a friction 
device in series with a spring called the "friction spring". 
The frictional force is taken as linearly related to the 
suspension spring force variation. The vehicle model is 
essentially similar to that of Veletsos and Huang (10). 
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In most analyses the suspension model has been 
represented as a linear spring-dashpot system with or without 
interleaf friction. Solutions to the differential equations 
arising from this is then sought in any one of the numerous 
iterative procedures. 
O'Connor,- Kunjamboo and Nilsson (7) have modelled 
the actual rear suspension of an International ACCO 1810A as 
a non-linear spring with damping due to interleaf friction 
included. This is the first phase of a programme established 
at the University of Queensland in observing and analysing the 
dynamic interaction between a bridge and an International 
ACCO 1810A truck. A parallel programme involves the instrument­
ation of a bridge to determine histograms of mid-span bending 
moments under service loads. The test vehicle used in 
calibrating the bridge is an International ACCO 1810A two-axle 
truck, with a single rear drive axle. 
This paper briefly describes this mathematical model (7) 
for the suspension spring and tyre. It then proceeds to replace 
this model by a series of simplified models, and examines the 
effects of these simplifications on the accuracy of agreement 
between theoretical and experimental results. 
20 MATHEMATICAL MODELS 
The total model is the simple two mass system shown 
in Figure 2. This reproduces the experimental set-up shown 
diagrammatically in Figure 1. The spring and tyre of the 
suspension are modelled separately as shown in Figure 3. These 
curves have been validated experimentally (7). 
Spring Model: The main spring consists of fourteen leaves, 
with an auxiliary spring of four leaves. The auxiliary spring 
comes into play at higher laods and this occurs at a 70 mm 
spring deflection. The load-deflection curves of the spring 
consists of two portions, the loading portion and the unloading 
portion. In going from loading to unloading to loading, it 
follows a parabolic transition defined as shown in Figure 4. 
The distinct break in the curves is due to the action of the 
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unloading 
transition""). 
FIGURE 4 : Typical transition curve 
auxiliary spring. The initial portion of the curve gives 
the characteristics of the main spring and the curve after 
the break provides the characteristics of the combined main 
and auxiliary spring. The complete spring characteristics 
can be represented by second order polynominal equations as 
below: 
(i) Loading curve 
p 0.1268y + 0.000893y2 if y � 70 rrun 
p = 2.554 - 0.090204y + 0.003472y2 if y > 70 rrun 
(ii) Unloading curve 
p 0.115y + 0.0005y2 - 1. 90 if y � 70 rrun 
p = 2.805 - 0.1544y + 0.003389y2 if y > 70 rrun 
where P is the load in kN and y is the spring deflection in 
mm .  A typical load-deflection combination may lie in any one 
of the following: 
(1) 
(2) 
(3) 
(4) 
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1. loading curve; 
2. unloading curve; 
3. loading to unloading parabolic transition; 
4. unloading to loading parabolic transition. 
The subroutine for the spring is written to take 
care of all possible combinations of loading and unloading 
cycles. If at any time the unloading curve or the unloading 
transition is followed to a very small spring compression at 
zero load, then the laod is set to zero, with a permanent 
deflection set in the spring. The subroutine identifies this 
and traces along the unloading curve until the load is zero 
and the spring compression corresponding to this is stored 
as a permanent deformation. Any loading after this sets the 
load to zero until the permanent deformation is reached, after 
which the load follows the loading transition. 
Simplified Spring Model: The simplification chosen for the 
spring model is based on a system of two straight lines, 
representing an idealised frictionless spring (see Figure 3). 
p 
p 
O.l575y 
0.5639y - 28.448 
if y < 70 mm 
if y > 70 mm 
(5) 
(6) 
In going from this idealised frictionless spring to either the 
loading curve or the unloading curve, an effective 'interleaf 
friction coefficient', y, is introduced. On a loading path, 
the load obtained from the equations representing the ideal­
ised frictionless spring is multiplied by (1 + y) and, on an 
unloading path, by (1 - y). When the deflection history changes 
from loading to unloading, or vice versa, it follows a trans­
ition curve. Two types of transition curves have been used 
in testing the sensitivity of the model - (a) the original 
parabolic transition and (b) a sloping straight line transition. 
Tyre Model: The tyre model is for a pair of 9.0 x 20 
Olympic cross-ply tyres. The initial curves representing the 
loading and unloading cycles each consist of a second order 
polynomial followed by a straight line equation. The tyre 
stiffness is a function of the inflation pressure (7). It 
should be borne in mind also that there is a-difference between 
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rolling and non-rolling stiffness, but this may not be a 
controlling factor in the accuracy of simulation (ll). 
Whittemore, et al (ll) found that the non-rolling stiffness 
gave good correlation to the measured values. The following 
analysis is based on the non-rolling tyre characteristics. 
The relation between the loading and unloading curves for the 
tyre is qualitatively similar to that of the spring. However, 
as shown in Figure 3, the tyre hysteresis is much less than 
that of the spring. 
The equations defining the load-deflection character­
istics of the pair of tyres is as follows: 
H 
v 
s 
9.327 + 0.01146 
0.048p - 8.1555 
0.3098 + 0.00277p 
(7) 
(8) 
( 9) 
c (SH - V)H2 
D s - 2HC 
p Dy + Cy2 
p v + s (y - H) 
if y 
if y 
� 
H 
> H 
(10) 
(ll) 
(12) 
(13) 
where p is the tyre pressure in kPa, P is the load in kN, and 
y is the tyre deflection in mm .  For the unloading path all 
values of the load are multiplied by a factor of 0.9. If the 
tyre deflections are less than zero, the load is set to zero. 
In going from a loading path to the unloading path or vice versa, 
a parabolic transition identical to the spring model is followed. 
Simplified Tyre Model: In simplifying the tyre model, the 
tyre deflections have been assumed to be directly proportional 
to the load. With known tyre pressure the equation for the 
load-deflection characteristic of the tyre is given as (see 
Figure 3) : 
p 0.2855y + 0.0155 py (14) 
A further modification of this basic simplified tyre 
model has also been used, with an unloading curve set at 0.9 
times the loading curve (as in the original tyre model). 
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3. HYSTERESIS 
The energy dissipated in a suspension unit is a direct 
consequence of the separation of its loading and unloading 
load-deflection curves. Figure S shows some theoretical models. 
The work done in a hysteresis loop during a complete 
deformation cycle is proportional to the area contained between 
the loading and unloading curves and two transitions between 
these curves. For a particular deformation, this area is a 
maximum with vertical transitions, as shown in Figure Sa. This 
model can cause convergence problems in some solution algorithms, 
as the load is multi-valued or undefined along each transition. 
A steep linear transition will give a similar energy 
loss, provided that the base (deformation) of the transition 
is small compared with the deformation included in the cycle 
Figure Sb. However, if the base of the transition is large, 
the energy loss is small and may become zero (Figure Sc) . In 
the latter case, damping disappears for cyclical deformations 
whose amplitudes are less than the base length of the transitions. 
A parabolic transition, Figure Sd, gives some energy loss for 
all amplitudes of the deformation cycle, and is a closer 
representation of the typical experimental behaviour. 
In the above cases the loading and unloading curves 
are assumed to be fixed. As illustrated in Figure Se, viscous 
damping is different, in that the separation of the loading 
and unloading curves depends upon the deformation rate or 
velicity. The curves shown here assume that this velocity is 
constant in magnitude but reversing in sign. A more typical 
deformation history would have varying velocity and would yield 
a load-deformation curve that was qualitatively similar to 
Figure Sd. The load range is, however, still dependent on the 
range of vertical velocity. If the true behaviour is frictional, 
with fixed loading and unloading curves, then it is impossible 
to calibrate a viscous model so that it gives correct results 
over the full range of service behaviour. The better models 
appear to be those shown in Figures Sa, Sb or Sd. 
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�ase of transition 
Cc> inclined linear transit ions 
(d) parabolic transit ions 
(e) viscous damping 
damping proportional to 
..>deformation rate. 
DEFORMATION 
Hysteresis under various transition curves 
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Veletsos and Huang (10) take care of the energy 
dissipation in a suspension spring during deformation cycle 
by introducing interleaf friction in the spring. This inter­
leaf friction modifies the load deformation curve to a hysteretic 
type, similar in shape to that shown in Figure Sb. 
4. DYNAMIC ANALYSIS 
The dynamic analysis has been written for the simple 
two mass system shown in Figure 2. The spring and tyre forces 
are obtained from appropriate subroutines. The displacement/ 
time curve at the interface of tyre/platen is given as data. 
It is required to find the displacement of masses 2 and 3, and 
the tyre and spring forces. 
u and 
3 
Let the upward vertical displacement be u
1 
, u
2 
and 
the corresponding velocities and accelerations, u etc, 
1 
u etc. 
1 
The programme starts with the system in a no-gravity 
situation, and this is taken as the zero or starting position. 
Gravity is applied, and, by iteration, the tyre and spring 
displacements are computed. The dynamic analysis is based on 
the finite integral method (Brown and Trahair ( 2)), and considers 
two time intervals together. The definite integrals from the 
starting time to both the intermediate and subsequent times 
are based on a simple second order curve fitted to values at 
the three times. Let the starting time be defined by a second 
subscript, l - e.g. u -
11 
and the following two times by 
subscripts 2 and 3 - e.g. u and u 
' 
at point l. 
1 2 1 3 
The basic unknowns are the accelerations, e.g. u 
3 2 
u The velocities and displacements can be found from the 
31 
three successive accelerations by premultiplying by an integrat-
ing matrix. The adopted iterative procedure is as follows: 
(a) Assume accelerations at times 2 and 3 to be 
equal to those at the starting time l. 
(b) Integrate to give velocities and displacements. 
ll 
(c) From the displacements, compute the tyre 
and spring forces. 
(d) Obtain the nett forces on each mass, and 
compute accelerations as (nett forces 7 mass) . 
(e) Repeat from (b) . 
The programme was written to permit six such iterations. 
If more than six iterations are required, the time interval 
is halved and kept constant for further steps, unless halved 
again. 
For the purpose of the analysis it is necessary to 
distribute the mass of the tyre between points l and 2, and of 
the spring between 2 and 3. It has been assumed that the whole 
mass of the tyre is at 2 (i.e. at the axle), and that, of the 
spring mass, 50% is at 2 and 50% at 3. The final assumed masses 
are: 
Point 3 
Point 2 
3386 kg 
271 kg 
Dynamic Analysis with Simplified Models: The simplified 
models for the spring and tyre were tested and compared with 
the experimental results as shown in Figures 8 to 13. Appendix A 
gives the legend for the above figures and lists the combinations 
which have been used. The parameters adopted in testing the 
simplified models were: 
(a) Changes in the effective coefficient in the 
interleaf friction for the simplified spring. 
(b) Addition of viscous damping to the simplified 
tyre. 
(c) Introduction of the unloading curve for the 
simplified tyre model. 
(d) Fitting either parabolic or straight line 
transition curves for both the spring and tyre. 
12 
(e) Changes in the transition length for both 
spring and tyre. 
For the simplified spring model initial trials indicated 
that the best effective coefficient of interleaf friction was 
0.10 0 
In addition to the plots of displacement against time, 
the Root Mean Square (RMS) error of the theoretical models against 
the experimental values was evaluated. Tables 1 and 2 list 
the ratios of maximum amplitudes, ratios of time at these 
maximum amplitudes and the cumulative RMS error up to the first, 
third and fifth peaks. The ratios of the amplitudes and the 
times at these amplitudes are for the first, second and third 
peaks. The cumulative RMS errors are generally the best indicators 
of the quality of the results. 
Figure 6 shows, for the original model, the changes 
in the tyre and spring forces with respect to time, and Figure 7 
the loading and unloading cycles. The displacements of the 
masses 2 and 3 with respect to time are shown in Figure 8 - for 
the original model, and as given by experiment. 
50 RESULTS OF DYNAMIC ANALYSIS 
Tyre Model: (a) The change in transition length from 0.535a 
towards zero in the original tyre model does not affect the 
behaviour of the vehicle model - as seen in Tables 1 and 2 for 
cases K2, K9.1 and K9.2. 
(b) The simplified tyre model with linear 
equations for loading and unloading - (unloading at 0.9 x the 
loading curve), but with a parabolic transition, does degenerate 
the quality of agreement to some extent as shown in Figure 9 
and in Tables l and 2 under K4. However, for this same tyre 
model, changing the transition from a parabola to a sloping 
straight line has a negligible effect as seen in Tables 1 and 2 
under case K4.1. 
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(c) Introducing viscous damping for the tyre 
in place of a fixed unloading curve does not give as good an 
agreement as with the original model. With viscous damping, 
the energy loss at both high and low velocities cannot be 
correctly modelled. From Figure 10, Tables 1 and 2, and some 
further analysis, the best coefficient for viscous damping in 
the tyre is about 0.015 kN/mm/sec. 
(d) In comparing the simplified tyre model with 
tyre viscous damping at 0.015 kN/mm/sec and (b) above, there 
is hardly any difference in the early stages of response, but 
at later stages the viscous damping model degenerates the 
displacement predictions, as seen in Figure 10 and 11. 
Spring Model: (a) The original spring model with the trans­
ition length varied from 0.535a towards zero does have some 
effect on the prediction of the displacements for mass 3, as 
seen in Figure 12. A clearer indication of this change is seen 
in examining Table 2. In comparing the data for cases K2, 
K8.1 and K8.2, the cumulative RMS errors for mass 2 displacements 
are good, but for mass 3 the RMS error degenerates. 
(b) As shown in Figures 9 and 13, a simplified 
spring model with either a parabolic or sloping straight line 
transition does not provide a reasonable model. 
6. PRACTICAL APPLICATION 
This paper demonstrates that a common procedure of 
analysing truck suspension systems as combinations of linear 
springs with viscous damping is unlikely to achieve satisfactory 
results. Although this simplification may be adequate for the 
tyre, it is shown to be inadequate for the particular suspension 
spring considered here. Actual spring behaviour is likely to 
be non-linear. Hysteresis and energy loss are modelled more 
effectively by frictional damping rather than linear viscous 
damping. 
The accurate models described in this paper are to be 
incorporated in a larger study of bridge-vehicle interaction. 
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The purpose of this study is to re-assess the effect of impact 
loads on highway bridges. The paper provides data which is 
useful in other studies on the effects of highway roughness -
for example, in regard to damage to primary produce carried 
by road vehicles. 
7. CONCLUSIONS 
1. The original models used for the spring suspension and tyre 
give predictions which agree well with experimental behaviour. 
This paper has studied the replacement of these models by 
simpler models. Concerning these, the following conclusions 
have been drawn. 
2. For the spring suspension -
(a) Replacement of the original two-segment, non­
linear model by a two-segment, linear model led 
to a significant degeneration in accuracy. 
(b) It is immaterial whether a parabolic or linear 
transition is used to join the unloading and 
loading curves. 
(c) The length of the transition curve has some effect -
the best results were achieved with the original 
curve; reduction in the base length of the transition 
curve (i.e. on the deformation axis) causes some 
change in behaviour, but this change is not large. 
3. For the tyre -
(a) Reasonable accuracy can be achieved with the 
original non-linear model replaced by a linear 
model. 
(b) With the linear models the best results were 
achieved with an unloading curve set at 0.9 
times the loading curve. 
8. 
25 
(c) A linear model with viscous damping and a damping 
coefficient of 0.015 kN/rnrn/sec. gives reasonable 
results, but this model is somewhat worse than 
that described in (b) , which in turn is somewhat 
worse than the original model. 
(d) Altering the transition from a parabola to a 
straight line, or reducing the base length of the 
transition from that used in the original model 
caused a negligible change in performance. 
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APPENDIX A LEGEND AND CASES ANALYSED 
( a) Legend for Figures 8 to 13: 
K1 - Experimental results 
K2 Original spring model and original tyre model. 
K3 Original spring model and simplified tyre model with no 
viscous damping. 
K4 - Original spring model and simplified tyre model with an 
unloading curve at 0.9 times the loading curve and a 
parabolic transition. 
K5 Original tyre model and simplified spring model with a 
sloping straight line transition. 
K6 Original tyre model and simplified spring model with a 
parabolic transition. 
K7 - Original spring model and simplified tyre model with 
viscous damping at 0.015 kN /mm/sec. 
KB - Original tyre model and original spring model with the 
parabolic transition length for the spring model varied. 
( Effective coefficient of interleaf friction for K5 and K6 is 0.1). 
(b ) Legend for Tables 1 and 2 are similar to ( a) above except for the 
following: 
K4.1 Original spring model and simplified tyre model with 
an unloading curve at 0.9 times the loading curve and 
a sloping straight line transition. 
K7.1 - Original spring model and simplified tyre model with 
viscous damping at 0.03 kN /mm/sec. 
K8.1 - Similar to K2 except that the transition length for 
the spring model is set at b = 0.10. 
�---
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K8.2 - Similar to K2 except that the transition length 
for the spring model is set at b = 0.20a. 
K9.1 - Similar to K2 except that the transition length 
for the tyre model is set at b = O.lOa. 
K9.2 - Similar to K2 except that the transition length 
for the tyre model is set at b = 0.20a. 
APPENDIX B 
Symbol 
a 
b 
c 
p 
p 
u , u , u 1 2 3 
u 
, 
u , u 1 2 3 
u 
1' 
u , u 2 3 
u 
, 
u 
12, 11 
y 
)J 
u 
13 
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NOMENCLATURE 
Meaning 
separation between loading and unloading curve (kN) 
transition length (mm) 
a coordinate on a transition curve 
load (kN) 
tyre pressure (kPa) 
upward vertical displacement of ground, axle and load 
respectively 
corresponding upward velocities 
corresponding upward accelerations 
displacements of point l at time l, 2 and 3 
deflection (mm) 
effective coefficient of interleaf friction for suspension 
spring. 
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